INTERNATIONAL JOURNAL OF OPTIMIZATION IN CIVIL ENGINEERING
Int. J. Optim. Civil Eng., 2012; 2(2):247-271

IMPOSITION OF ESSENTIAL BOUNDARY CONDITIONSIN
ISOGEOMETRIC ANALYSISUSING THE LAGRANGE
MULTIPLIER METHOD

S. Shojaee” ", E. 1zadpenah and A. Haeri
Department of Civil Engineering, Shahid Bahonar University, Kerman, Iran

ABSTRACT

NURBS-based isogeometric analysis (IGA) has currently been applied as a new numerical
method in a considerable range of engineering problems. Due to non-interpolatory
characteristic of NURBS basis functions, the properties of Kronecker Delta are not satisfied in
IGA, and as a consequence, the imposition of essential boundary condition needs specia
treatment. The main contribution of this study is to use the well-known Lagrange multiplier
method to impose essentiad boundary conditions for improving the accuracy of the
isogeometric solution. Unlike the direct and transformation methods which are based on
separation of control points, this method is capable of modeling incomplete Dirichlet
boundaries. The solution accuracy and convergence rates of proposed method are compared
with direct and transformation methods through various numerical examples.
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1. INTRODUCTION

Isogeometric andysis (IGA) is introduced as a powerful numerical method by Hughes et d. [1].
This method is similar with finite eement method (FEM) but takes some inspiration from
Computer Aided Design (CAD) tools. IGA is currently of grest interest in various engineering
problems (e.g. [2-12]). This method is based on Non-Uniform Rationd B-splines (NURBS) which
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are used in accurate geometricd modeling and approximation of solution space. Simple and
systematic refinement strategies, exact representation of common engineering shapes, robustness
and superior accuracy can be achieved in IGA in comparison with the conventiond FEM.

In spite of these advantages, the IGA method suffers from some deficiencies. One of the
most significant drawbacks arises from imposition of essential boundary conditions. Due to
the non-interpolating nature of NURBS basis functions, the properties of Kronecker Delta are
not satisfied, and as a consequence, the imposition of essential boundary conditions needs
specia treatment. In considering this, several methods have been proposed for imposing
essential boundary conditions in IGA. Thisissue for NURBS-based isogeometric analysis was
first discussed by Hughes et a. [1]. In their work the essential boundary conditions were
imposed to the control variables by evaluating the function of boundary condition at the spatial
locations of the control points. In present study this approach is referred as Direct Method
(DM) as mentioned by Wang and Xuan [13]. This method is efficient for homogenous
boundary conditions but it is not reliable in non-homogenous boundary conditions. In addition,
when the position of boundary control points is not located on the desired boundary, it even is
not reasonable to enforce the given boundary values to the corresponding boundary control
variables [13]. Therefore, the enhancement of essential boundary conditions in IGA needs to
be researched more thoroughly [1]. Wang and Xuan [13] have proposed an improved method
for imposition of essential boundary conditions in IGA. Here this method is referred as TM
(Transformation Method) which is based on concepts of the mixed transformation method that
was originated by Chen and Wang [14]. This method produces more accurate results and
convergence rates in comparison with DM [13]. However it should be considered that
selected boundary points can result in singular transformation matrix. This drawback is more
significant when there are many active control points on desired boundary and more careful
selection procedure is needed. As mentioned by Wang and Xuan [13], a set of boundary
interpolation points can be selected to construct the appropriate transformation matrix.

TM and DM are based on separation of control points into boundary and interior ones. This
separation can complicate the imposition of essential boundary conditions in problems with
incomplete Dirichlet boundaries. Without loss of generality consider following beam which is

modeled by Xx={0 0 0 1 1 % andh={0 0 0 1 1 I knot vectors. As shown

in Figure 1 the Dirichlet boundary is defined on left side of beam with a length of Lp.
Corresponding NURBS basis functions to control points 1, 2 and 3 are boundary functions as

they are active on G, , therefore in DM and TM control variable values corresponding to these
control points will be equal to zero. Even more, for interior control points (4-9) the
corresponding NURBS basis functions are inactive on G, , so the whole length of left side of

the beam, L, is considered constrained. As aresult, DM and TM are not efficient methods for
modeling these types of Dirichlet boundaries.

In this paper, Lagrange multiplier (LM) method is proposed for improving the imposition
of essential boundary conditions in IGA. In mathematics, this method is used for transforming
a constrained optimization problem to an unconstrained problem. This method has been
widely used in various approaches because of its straightforward implementation (e.g. in
traditional FEM [15-18], extended FEM [19-20], meshfree methods [21-24]). Unlike DM and
TM, this method is not based on separation of control points and is capable of modeling
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incomplete Dirichlet boundaries (e.g. Figure 1).
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Figure 1. Incompelete Dirichlet boundary on a beam

This paper is organized as follows. First, the NURBS-based 1GA is briefly reviewed.
Then, formulation of enhanced IGA with proposed method is presented. Finally, results of the
numerical simulations of several problems are discussed and the efficiency of the proposed
approach is confirmed by comparing with available reference resullts.

2. ISOGEOMETRIC ANALYSISBASED ON THE NURBS BASISFUNCTIONS

2.1. Overview of the isogeometric analysis

The traditional finite element formulations are based on interpolation schemes with Lagrange,
Legendre or Hermit polynomials to approximate the geometry, the physical field and its
derivatives. This approach often requires a substantial simplification of the geometry,
particularly in the case of curved boundaries of the analysis domain. Generaly, adaptive
refinement of the discretized domain is applied to better approximate the boundary and to
achieve sufficient convergence.

The concept of IGA introduced by Hughes et.al [1] is based on applying the NURBS basis
functions in accurate modeling of geometry and approximation of solution space.

The NURBS basis functions are weighted functions which originate from B-spline
interpolation. The B-spline functions are defined on a knot vector. A knot vector is a suite of
non-descending real numbers, which is presented by,

X :{xl,xz,...,xn+p+1} (1)

where X is the ith knot value, n and p are respectively the number and the order of basis
functions defined on knot vector. The half open interval,[X; ,X,,), is caled knot interval. If
X; =X, then the length of knot interval is equal to zero. If X, and X, , ., are repeated p+1

times in a knot vector, the resulting knot vector is called open knot vector. The first order B-
splineis defined on knot vector by,
if X, EX <X,

il
N (X)=7
o) %O otherwise 2)
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And higher order basis functions are recursively defined by,

X - X Xitizg = X
Ni,j(X) =ﬁNi,j—l(X)+LNi+1,j—l(X)

i+] i i+j+1 T Nl
ji=12...p ©)
i=12,...,n+p+1- |

Inwhich N, ; istheith basis function with aj order. The first order derivative of B-spline
is,
d J

—N;;(X)=——N;;,(x)- ;Niﬂ,j-l(x) (4)
dx X X

i+ = N i+j+1 " N+l

The third order B-spline functions which are obtaned by knot vector of
x={000 0505111 areshowninFigure?.

Figure 2. Quadratic B-splines functions

The NURBS basis functions are made from B-spline functions by following equation,

_ Ni,p\Ni 5
R,p(x) _W (5)

Inwhich W is the weight corresponding to ith control point and W (x) is weight function,

W) =& N w ®)

The bivariate NURBS functions on x - h knot surface are defined by:

N; ,0OM; (h)w
W(x,h)

R (h) = (7)
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i=12...,n
j=L2..m

Inwhich M, and N, (x) are respectively the ith p-order and jth g-order functions on
x and h knot vectors. w, ; is the weight corresponding to ij control point and W (x,h) is
the bivariate weight function which is given by,

Qo

W(n) =8 8 N, 6OM 0w, ©

1
=
=

2.2. Two-dimensional stress analysis

Isogeometric analysis of stress field with NURBS discretizations is a well studied topic, with
applications in applied mechanics. The model problem which we consider here is the
differential equation of stress field for isotropic materia with elastic behavior,

Ns +f, =0 in W (%)
s.n=f, on G, (9b)
sn=0 on G (9)

u=u on G, (9d)

where s s stress tensor, f,and f, are body and surface force vectors respectively, N is

normal vector on boundary, and Uis known displacement on G, boundary. The boundary is

divided into three parts, G, (Dirichlet boundary), G, (Neumann boundary), and G. (free
boundary). The following equations should be satisfied,

G, UG UG =d W (10a)
G IG IG =& (10b)

Dirichlet and Neumann boundaries are shown in Figure 3.
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Figure 3. Neumann and Dirichlet boundaries

It can be shown that the corresponding functional of stress field is the potential energy of
system,

_1 ~ T ~ T hY T
P _EQ’e s dW- QU f, dW- Qu f.dG (11)

The first term in Eq. (11) is the conserved strain energy in the system; the second and third
terms are work of body and surface forces respectively.

2.3. General class of problems

The development of isogeometric analysis was applied to a very general class of problems,
and various models have been considered in literature [25]. In this subsection, the formulation
of scalar potential problem is considered. Let us denote the domain solution by W with
boundary G, the potential equation within the domain W is defined as,

iDu+s=0 inW
tnRu =t on G, (12)
fu=g onG,

where D denotes the Laplacian operator and s is the source term, t and g denote the Neumann
and Dirichlet boundaries conditions respectively. The functional corresponding to Eq. (12) is
given by,

1 Ko K Y S
p (u) :E Q/Nu.Nu dW- Q/ude— QN ut dG (13)

where N denotes the gradient operator.

2.4. Isogeometric formulation based on the NURBS basis functions

Here, the application of NURBS-based isogeometric analysis is considered to formulate 2D
stress analysis problem and can be generalized to other problems. In isogeometric approach,
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the discretization is based on NURBS. Hence, the geometry and solution field are
approximated as,

x(x,h) =RP X T W (14)

u"(x,h) =Rd XhT W (15)

where W, :{(x,h)|xi 8 X, i 1 @1,hm+q+1g} . The matrix-form of R ;and P, can
be changed into vector-form by mapping from i, j subscriptsto K by,
k=i+(j-Dn, with k=1,2,...,nm=N (16)
So, the control points are defined as:
PR, B, L L B, R a
The values of solution field at the control points, also called control variables, in the present

IGA formulation are displacements and can be arranged similar to the control points in a
vector-form:

.
d={d, d, L L d, dy} (18)
The matrix R is obtained from NURBS basis functions,

R 0OR 0 L L R, 00
"8 R 0 R L L 0 R (19)

Next, the stiffness matrix for a single patch is computed as,

patch

Ky = @) B (x,h)DB(x,h)[I[dW (20)

where t is the plate thickness, W is the parametric space and B(x,h) is the strain-
displacement matrix, given as:

étﬂ u
é6— (ONT!
alix G
Bxh)=8  uR 21)
é Ty
e qu
E—  —

o
<
=
X
(et



254 S. Shojaee, E. Izadpenah and A. Haeri

Where
ARG &R0
GaxT ., Sx T
+=J1 - 22
S9r Y SR (22)
&y  &hp

and Jis the Jacobian matrix which maps the parametric space to the physical space and is
defined as:

e fyu
é a
J:éﬂx ﬂXl’J (23)
e Tyu
&h  fhi
D isthe elastic material property matrix for plane stress:
¢ y
= @& n O0U
é a
D=r—=d 1 0y (24)
€ , 1-nd
€0 0 —uq
e 2u

E,n are Young's modulus and Poisson's ratio, respectively.
The force vector on a single patch in the presence of body forces f, and traction forces

f,is obtained as:

F=@R f,[9[dW g RT1[J,]dE (25)

WhereW and & are the domain and traction boundary in the parametric space, R is the

NURBS basis function evaluated on the traction boundary and J, is the Jacobian that maps

the traction boundary into a part of physical space boundary. The control variables can then be
solved by the following discretized equilibrium equation,

Kd=F (26)

The solution field at each point of the physical space can be approximated by Eq. (15). For
numerical integration, the standard Gauss-quadrature is used over each element (knot span).
The number of quadrature points depends on the NURBS order. The details of spaces,
mapping and integration in isogeometric analysis are shown in Figure 4. Note that the physical
mesh is only an image of knot spans on the physical space.
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Figure 4. Physical space Wis mapped into the parametric space W using NURBS basis functions
(Eq. 14). For numerical integration in the parametric space, each knot span (dement) is mapped to
the parent dement, where the integration is performed on

2.5. h-Refinement or knot insertion

For the convergence study, h-refinement strategy has been applied to the initial geometry of
model. In each refinement step, knots are added to the knot spans. Knot insertion is a
procedure that arbitrary new knots are added to a knot vector without any change in the shape
of the B-spline curve. If thereare m=n+ p+1 knots in the knot vector of the B-spline curve,
where n is the number of control points and p is the order of B-spline curve, by adding a
new knot, a new control point must be added. Also, some current control points must be
redefined.

Consider a knot vector x :{xl,xz,... X } withn control pointsP,,P,,...,P, and

Ym=n+p+l
the order of p. Let x1 [xk ,xk+l] be adesired new knot. The knot insertion procedure has the
following 3 steps [26]:
1. Findksuchthatx belongsto [X,,X,.]-

2. Find p+1control points P, ,,P, .y, Py
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3. Compute p new control pointsQ, from the above p+1 control points by using
Eq. (27).

Q,=(-a,)R,+aP (27)

where a; is obtained from,

_ X=X ) .
ai_x < for k- p+1£i £k (28)

i+p ~ N
By performing the above procedure, the new knot vector and control points are obtained as,

{xl,xz,...,xk,x,xk+1,...,xm}

(29)
{RoPors R Qe it Qc przr Qo Pes Prvsion P

Now, this knot insertion algorithm is extended to a NURBS curve. For this purpose, a
given NURBS curve in d-dimensiona space is converted into a B-spline curve in (d+1)-
dimensional space, then by applying the knot insertion algorithm in this B-spline curve, the
new control points are obtained. These new control points should then be projected to d-
dimensional space to obtain the new control points of the NURBS curve. Consider control

points P =(x,Y.) with corresponding weights of W , by converting these control points to 3-
dimensional space, P" = (w.x,w Y., ), the new control points are then computed from Eq.

(27),
Q"=(-a;)R" +a;R" (30)

The location of control pointsin 2D are obtained by the following projection technique:

_(1-a)P%+a,R"
(1' ai)vvi—l +aiWi

Q (31)

and the weights are:
Wy =(1- a)w; +a;w (32)

3. IMPOSITION OF ESSENTIAL BOUNDARY CONDITION USING
LAGRANGE MULTIPLIER METHOD

In mathematical optimization, the method of Lagrange multiplier provides a strategy for
finding the maximum and minimum of a function or functional subject to constraints. An
element called the Lagrange multiplier (,) makes a new term with constraints which can be
either added or subtracted with objective function and results in the Lagrange function or
functional. Then the optimum solutions for objective function or functional is obtained by
finding stationary points of them (where the variations of Lagrange function or functional are
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zero). In this study, the Lagrange multiplier method is employed as a scheme for treatment of
essential boundary conditions.
Considering the problem of minimizing the total potential energy functional of stress field

problem given by,

minimize: p :%tQ]eTs dW- t(f)luT f dW- QN u' f.dG

subjectto:
g,=u-wu onG,
g,=u-u:  0nGy, (33)

g,, =U- Um on G,,,

Where U ={u,,u,}"is the degrees of freedom vector of system, ui ={u.,uy}" is the

known value of displacement on G, boundary, t is the thickness of object and m is the

number of Dirichlet boundaries. For the inclusion of the constraints into the variational
problem, using Lagrange multiplier method, instead of seeking the minimum of p subjected
to constraints, the Lagrange method seeks the stationary points that satisfies Eq. (34),

minimize: p’ :%thTs dW- U W= ¢ U FdG- é@nil (u-u)dG (34)
where |, isthe Lagrange multiplier vector, corresponding to G; and is defined by,
|
Y (35)
Now with approximation of |, and u,exact solution space will transform to approximate

solution space,
u@"=Rd (36)

where Rand d are defined in Egs. (18) and (19). Then Lagrange multiplier vector is
discretized for obtaining matrix form of problem,

|, =N,Ti  i=12..m (37a)
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&N, 0 L L N, ou

& N g (37b)
@ N/ L L O0N,/g

N, =

L={ly 1y e L T} (370)

where nl is number of Lagrange multipliers. Ni(l) is a single-variable NURBS function given
by Egs. (2) and (3), where | is one of parametric components (X or h ).
Ni(1) is defined on following kont vector

o={i ety (39)

n-

where Ili and Ini are the coordinates of ith Dirichlet boundary end points in parametric space,

which are repeated ptimes. p iseither p or q depended on direction of Dirichlet boundary in

parametric space.
Substituting Egs. (36) and (37a) into Eq. (34), we have,

o’ :%th CB'DB dWd - td” (R'F, dW- d” 3R'F,dG- &1, ON,"(Rd-u)dG (39)
w W Gy i=1 Gpi

The required solution of the problem is obtained by setting p"/fd and fp”/1l i to zero,

t P’ DBAWA - t (R, dW- R'f,dG- § OR'N,dd =0 (408)
w w Gy i=1Gn‘
Q N,"RdGd =Q N uidG i=12...m (40b)

Then we obtain the system of algebraic equations,

K Guidii jf
g i R (41)
e OuT|lY) tap
where,
K = ¢p'DBdW (42a)
w
G=-[G, L L G,] , G =0QRN,dG (42b)

Goi
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q=-[g, L L g, ] . g :G?Ni ui dG (420)
f=tQR'f, dW+QN R'f dG (42d)
— — — — T
r={ln . LoL T 29

For imposition of essential boundary conditions in potential equation Eq. (12), the
following term is subtracted from Eq. (13),

m
[o]

Q. !/(u- 9)dG (43)

The modified functional corresponding to Eq. (12) is,
. 1, « 4
== A Nu. - C W- ¢ - ) li(u-g
p (u) 2Q/NuNudW Qlusd QNUth Ia:lQD (u- g)dG (44)

By approximation of u andl and minimizing p~ with respect to d and | vectors, the
following system of algebric equations is obtained,

éK Gl]'\[df,]_‘lfg “5)
2 =y~
&' ofip 1ap
where,
K = NR".NRdw (46a)
W
f :QRTde+Q R'tdG (46b)

Other parameters in Eq. (45) are defined in Egs. (42b-€). It is also worthwhile to note that
the defined parameters in these equations can be modified for single degree of freedom state.

4. NUMERICAL EXAMPLES

The accuracy and robustness of proposed method for imposition of essential boundary
conditions are investigated through several numerical examples. For convergence study, the
order of NURBS basis function (OF) is set to be 3 in both directions (OF=p=g=3). Numerical
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integration within each element is carried out by 9x9 Gauss quadrature rule. The examples are
also solved by higher orders (OF=4 and OF=5) to investigate the effect of higher orders on
accuracy. Knot insertion procedure is applied in these examples for estimation of errors and
convergence study and the L2-error norms are normalized with respect to their corresponding
norms from the analytical solutions. In last example, an incomplete Diritchlet boundary
problem is solved with three methods and compared with results obtained from FEM with a
fine meshing. The effect of number of Lagrange multipliers (N, ) on error-norm, and running

time in al examples are compared for three methods in Section 5.

4.1. Potential equation

Consider the potential problem on a quarter disk domain in Figure 5. The governing equation
and boundary conditions are given in Eq. (12). The source term and boundary conditions for
this problem are given by,

s=0.02
u=0 on G , u=375 on

) > ) Sz (47)
u= ]'OO—-X on GD u= ]'OO—-y on GD

200 8 200 N

@ (b)

Figure 5. (a) Quarter disk, ri=50cm and r,=100cm; (b) Paosition of boundary control points
So, the exact solution is obtained as,

1007 - x* - y?
u, =2 "Xy 48
(x,y) 200 ( )

The initial geometry is constructed by tensor product of quadratic NURBS basis functions.
The initial parametric space is given by two knot vectors of the form,
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x={0000204060811%adh ={00002040608117.

Using h refinement strategy, meshes with 25, 100 and 225 elements are considered for the
convergence study (Figure 6).

alAseC
1il]

1l 1]
Figure 6. Improvement of meshing by knot insertion procedure in example 2

The results obtained from three methods are compared in Figure 7. Since the control points
are not located on G, and G,, boundaries (Figure 5b), the DM has the least accuracy in
comparison with two other methods, moreover the difference between error norms of DM and
two other methods are remarkable. On the other hand, LM and TM have fairly the same L*
error norm which is amost constant in meshing refinement procedure. This implies that LM
and TM have converged in coarse meshing. These observations verify that LM and TM are
more efficient than DM in the problems with curved boundaries, where the position of control
points is not located on Dirichlet boundaries.

§
LM —1

._—I—_

==

T

1 Ll 11 113 1 12

IOglO (hmax )

Figure 7. L%error norm for potential equation

4.2. Cantilever beam

Consider the cantilever beam problem which is solved by Wang and Xuan [13] as an example
for demonstration of TM (Figure 8):
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H=2L=10P=10
E=50 v=03 L

L |

Figure 8. Cantilever beam problem

The analytical solution of this problem for displacement iny direction is[27],

2

uy(x,y)—ig(& X) X? +3hy (L- x)+(4+51) xu

iI= E - n .

(E= , N=—— lane strain

1= 7102 1-n P (49)
lE=E , n=n plane stress

In this example plane stress condition is adopted, and knot vectors used for initial meshing
are same as example 1. It is observed that DM still has the highest error among three methods
(Figure 9). LM has the best convergence rate in meshing refinement procedure, while the TM
results are close to LM in fine meshing.

i
|

1 =—
¥
0% 04 b8 02 81 8 od
10010 (M)

Figure 9. Lerror norm for cantilever beam

4.3. An infinite plate with a centeral circular hole

In this example, an infinite plate with a circular hole in center under x-direction traction T is
considered, as depicted in Figure 10(a). The anaytical solution for displacement in x and y
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direction, givenin[27], is as follows,

N

3 "
u/(r,q)= Txa:'L(k +1)cosq +23((k +1)cosqg +cos3y) - 2"’1—30033ql'J (50a)
8mj a r r %

. 3 "
u,(ra) =22 (k- 3)sing +22(@- Kysing +sina) - 2% sinmy  (500)
8mj a r r %

where mis the shear modules of material and k is given by,

_‘1_3- 2y (planestrain)
kK=i3-n (51)
1 lane stress
t1+n (p )
Exact displacement
>
. N » |
T, <« Ly T | ‘%
o X x r 3
a u"/ ‘;j
“ L s
= > 4 A A

(a)

(b)
Figure 10. (a) Infinite plate with a circular hole; (b) Numerical model

Due to the symmetry, only one quarter of the domain is considered for numerical
simulation. This model is subjected to the essential boundary condition computed from the
exact solution. This problem is solved in the plane stress state and the following parameters
are considered in the analysis, radius of the circular hole R=1, plate width L = 4, x-direction

traction T, =10, modulus of easticity E =10° and Poisson's ratio n =0.3. Meshes with

100, 400 and 1600 elements are considered for the convergence study (see Figure 11). The L?
error norms are plotted in Figure 12, which show that good convergence rates is obtained for
the Lagrange multiplier and transformation methods. DM is conveging with a lower
convergence rate.
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i

TTTT

I
ol THY
i =L
_.-- 5
|-
1124 -

bog,

0.8 0.8 4 4.1 | 0
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Figure 12. L*error norm for infinite plate
Effect of OF on error is depicted for 10x10 and 30x30 meshing in Figure 13. Order

variation has no significant effects on accuracy of DM. But in TM and LM the error-norm is
decreased in higher orders. However in both meshing LM is more accurate than TM.

¢ o |
4.5 == . M
El =T -+
-LE ——LM AR Y
;_ _2 | ‘.:.:.' ? ?
= o ==
N =R A
] 25 L8
T 3 —
= g8
L] 3‘ %
)
45 “
5 T T ) |
1 i 1 4 5 & 1 1 3 4 5 3
N; N;
@ (b)

Figure 13. effects of OF on L2-error norm for infinite plate problem (a) 10x10 meshing (b) 30x30
meshing
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4.4. Seady-state thermal transfer within hollow disk

In this example, we consider steady-state thermal transfer within hollow disk domain. The
thermal conductivity is assumed to be constant unity. The governing equation is then similar to
the potential problem in the second example. The geometry of the problem is defined in Figure
14. The exact temperature field in the hollow disk is given as,

u(x) =x"+y* (52)

Using this exact solution, the prescribed temperature field is imposed on the inner and
outer boundaries of the hollow disk. The thermal source term can aso be derived according to
the exact temperature field.

Figure 14. Steady-state heat transfer within hollow disk

To verify the present approach, the results are compared with those obtained using TM. It
should be noted that in this problem, unlike previous examples, the boundary control points do
not lay on the physical problem boundary. For modeling the initial geometry, quadratic
NURBS basis functions in both directions are employed. The initial knot vectors for this

problem are,x ={0,0,0,0.25,0.25,0.5,0.5,0.75,0.75,1,1,1} ,h ={0,0,0,1,,1} . For one, two
and three h-refinements of the initial geometry, physical meshes with 16, 64 and 256 elements

are obtained (see Figure 15). The L*error norm predicted by the present method, the direct
approach and the transformation method are shown in Figure 16. Again, the present approach
has provided the least level of errors and the optimal convergence rate in comparison with the
other techniques.

Figure 15. Mesh refinement for hollow disk



266 S. Shojaee, E. Izadpenah and A. Haeri

]

05 - |=+=DNM
. —-—T /
) |
- | 2 -

43 H2 01 ] ol 0.2 0.3 0.4 a5
IOglo (hmax )
Figure 16. L>error norm for hollow disk example

4.5. Incomplete dirichlet boundary

In the last numerical example the accuracy of DM, TM and LM is investigated in problems
with incomplete Dirithlet boundaries. Consider the cantilever beam in example 4.3, which is
incompletely restrained at the left site as shown in Figure 17. The beam is subjected to a
uniform distributed load (w=10w=10) and the geometrical and mechanical properties are
same as example 4.2. Since the exact solution for this problem is not available, the results of
three methods are compared with results obtained from finite element method analysis, with a
fine meshing consisting of 25000 elements. The adapted element in FEM andysis is
composed of four nodes and each node has two degrees of freedom (Figure 18).

PET YT PP PR YT L b ¥t bt e b ¥ ¥

. alk H=2 L=10
H| 3 E=30 yv=03
T

L

Figure 17. Incomplete Dirichlet boundary problem

Figure 18. Q4 dement
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Since the boundary condition of problem is homogenous, so DM and TM have the same
accuracy. For convergence study the meshing is refined by 20x20, 24x24, 28x28, 32x32,
36x36 and 40x40 elements. The convergenc rate is depicted for three methods in Figure 19.

0
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Figure 19. L-error norm for incomplete Dirichlet boundary problem

LM has considerably more accuracy than two other methods. As shown in Figure 19, the
convergence rate of DM and TM is too low that in very fine meshing the error-norm of these
methods still has a noticeable difference with LM. By increasing the number of elements, LM
shows more accuracy and its convergence rate is growing. This example implies that LM is
more efficient than DM and TM (which are based on separation of control points) in problems
with incomplete Dirichlet boundaries.

5. RESULTS AND DISCUSSION

In this section the effect of number of Lagrange multipliers (N;) on accuracy of proposed
method is investigated for all numerical examples. The time cost is also compared for different
meshing refinements in all three methods. In Figure 20 the effect of N, on error-norm is
shown for all numerical examples (OF=3). Some features are similar in all examples. It is
observed that in each example al curves have a same trend by meshing improvement.
Moreover, more Lagrange multipliers are needed to obtain the minimum error as number of
elements increases. In addition to similar features, all of them have a specific trend. In the all
problems, increasing N, reduces the errors rate and the present approach has provided the
optimal convergence rate in comparison with the other techniques.
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Table 1. Comparing time cost between three methods in al numerical examples

Number of Time (s)
elements LM DM ™
. 12 21.2 18.52 18.84
Potential > 85
) 14 35.93 30.46 29.69
equation
16 54.04 46.34 46.51
problem
18 71.98 71.23 69.33
20 104.86 100.85 101.00
10 15.24 10.88 10.25
12 21.25 15.02 14.31
Cantilever beam 14 28.47 20.16 19.58
problem 16 38.14 27.28 26.47
18 49.15 36.25 35.61
20 60.25 46.99 47.30
10 24.52 14.46 13.93
nfiite plat 20 57.49 52.26 45.19
nfinite plate
problem 30 128.36 107.04 98.32
40 228.64 191.06 175.86
50 362.41 323.2 293.14
10 10.99 8.87 9.34
Hollow disk 12 25.32 24.00 24.54
problem 16 59.54 57.79 58.02
20 123.09 138.00 122.46
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Figure 20. Effect of number of Lagrange multipliers on error-normin LM

6. CONCLUSION

Lagrange multiplier method is adapted for imposition of essential boundary conditions in
isogeomertric analysis. Unlike direct and transformation methods which are based on
separation of control points, this method can model incomplete Dirichlet boundaries. The
solution accuracy and convergence rates of this method are compared with direct and
transformation methods through various numerical examples. The results of numerical
examples confirms that the proposed method show more solution accuracy and better
convergence rates in comparison with direct and transformation method.
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